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ABSTRACT
Asteroseismology has revealed that cores of red giants rotate about one order of mag-
nitude faster than their convective envelopes. This paper attempts an explanation for
this rotational state in terms of the theory of angular momentum transport in stellar
convection zones. A differential rotation model based on the theory is applied to a se-
quence of evolutionary states of a red giant of one solar mass. The model computations
show a rotation of about ten times faster in the cores compared to the stellar surface.
This rotational state is caused by the non-diffusive downward convective transport
of angular momentum. The contrast in rotational rates between core and envelope
increases with the radius (age) of the star. Seismologically detected scaling for the
spindown of the giants’ cores is also reproduced.
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1 INTRODUCTION
Asteroseismology of red giants has revealed a strong in-
homogeneity in the rotation of their interiors. Beck et al.
(2012) analysed the frequency splitting of global oscillations
of three red giants 20 to 50 per cent more massive than the
Sun and concluded that the cores of the stars rotate about
ten times faster than their extended convective envelopes.
Deheuvels et al. (2012) detected a similar rotational state
in a giant of subsolar mass. The extensive statistics of seis-
mological detections by Mosser et al. (2012) confirmed the
relatively rapid rotation of giants’ core and established scal-
ing for the core spindown during the red giant phase.
This paper suggests an explanation for the seismologi-
cally detected rotation of red giants in the framework of the
differential rotation theory. The explanation may seem to be
obvious in view of the core contraction, envelope expansion
and angular momentum conservation in the course of a star
ascendance on the red giant branch (RGB). Quantitative
realisation of this idea met problems however.
Ceillier et al. (2013) applied the stellar evolution
model by Eggenberger et al. (2010) to the Kepler tar-
get KIC 7341231 whose rotational state was detected
by Deheuvels et al. (2012). The resulting rotation profile
was too steep compared to its seismological detection.
Ceillier et al. (2013) concluded that angular momentum
transport by the meridional flow and the rotational shear
mixing of the standard shellular rotation models do not
suffice to explain the differential rotation of the red giant
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and some additional mechanism for the transport of angu-
lar momentum is needed (cf., however, Fuller et al. 2019).
Eggenberger et al. (2019) confirmed the necessity for an ef-
ficient mechanism complementary to eddy viscosity. More
specifically, angular momentum transport proportional to
the rotational shear (viscous transport) cannot reproduce
seismological data on the rotation of subgiants and red gi-
ants simultaneously.
In this paper, we argue that allowance for angular
momentum transport by convective turbulence can help
in resolving the problem. The ability of rotating turbu-
lence to transport angular momentum even in the case
of uniform background rotation has long been recognized
(Lebedinskii 1941). Non-diffusive transport is convention-
ally named the ‘Λ-effect’ (Ru¨diger 1989). The effect results
from an anisotropy of turbulent mixing. Predominantly ra-
dial convective mixing produces a downward increase in an-
gular velocity due to the tendency towards angular momen-
tum conservation by mixed fluid parcels. A hypothetical tur-
bulence in stellar radiation zones can produce the Λ-effect
as well, but predominantly horizontal mixing in stably strat-
ified fluids transports angular momentum upward in radius
(Kitchatinov & Brandenburg 2012). Differential rotation in
stellar convection zones can be to some extent understood as
the balance between the Λ-effect and eddy viscosity. The di-
rect numerical simulations of Brun & Palacios (2009) have
shown a strong downward increase in rotation rate in the
lower part of the convection zones of red giants.
This paper concerns the evolution of the structure and
differential rotation for the red giant stage of a star of one
solar mass. The choice of 1M⊙ star is motivated by valu-
c© 2019 The Authors
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Figure 1. Profiles of the eddy diffusivity of Eq. (1) for several
evolutionary states of the 1M⊙ red giant. The curves are marked
by the corresponding stellar radius.
able guidance provided by helioseismology and by recent
data on the rotation of solar-type stars (Metcalfe et al. 2016;
van Saders et al. 2019) for this case. Helioseismology re-
vealed in particular the surface shear layer in the upper part
of the convective envelope where the rotation rate increases
sharply with depth (Thompson et al. 1996; Barekat et al.
2014). The surface shear layer in the Sun and large rota-
tional shear in extended convection zones of red giants can
be of the same origin (Kitchatinov 2016).
2 METHOD AND MODEL
Modelling differential rotation requires input information on
the stellar structure. The structure evolution for a star of
1M⊙ and metallicity Z = 0.02 was computed with the code
MESA by Paxton et al. (2011), version 115321 . The results to
follow refer to the stages of the star ascendance and evolution
on the RGB when the star’s radius increases from 1.5 to 15
R⊙. This range of radius corresponds to ages between 10.8
and 12.3 Gyr, ending shortly before the onset of Helium
burning.
Evolved stars have extended convection zones. The in-
tensity and characteristic time of convective mixing can be
estimated in terms of the eddy diffusivity
ν
T
= ℓvc/3, (1)
where ℓ is the mixing-length and vc is the convective velocity,
both provided by the MESA code (α
MLT
= ℓ/Hp = 2 in the
computations of this paper). Figure 1 shows the eddy diffu-
sivity profiles for several values of the evolving star radius.
The radius R increases with age.
The diffusivity of Fig. 1 increases with R, so that the
1 http://mesa.sourceforge.net.
Figure 2. Diffusion time of Eq. (2) as a function of the evolving
star radius.
diffusion time
Td =


re∫
ri
dr√
ν
T


2
, (2)
varies moderately and remains in the order of one decade.
In this equation, ri is the inner radius of the convection zone
and re = 0.97R is the external radius of the computation do-
main for differential rotation modelling. The Λ-effect scales
with the eddy viscosity of Eq. (1) (Ru¨diger 1989). Therefore,
Td in Eq. (2) is also the characteristic time for establishing
equilibrium between the Λ-effect and eddy viscosity. The dif-
fusion time of Fig. 2 is short compared to evolutionary time-
scales. The differential rotation can therefore be computed
with a steady model.
The differential rotation was computed with the mean-
field model of Kitchatinov & Olemskoy (2011, 2012). The
model closely reproduces seismological data on the inter-
nal rotation of the Sun and the increasing trend of surface
differential rotation with the stellar temperature observed
by Barnes et al. (2005) and Balona & Abedigamba (2016).
The differential rotation model computes the angular veloc-
ity distribution inside the convection zone only. It does not
apply to the radiation zone. It is known from helioseismol-
ogy, however, that the bulk of the radiation zone rotates
almost rigidly with the rate close to the (latitude-averaged)
rotation rate of the base of the convection zone (Schou et al.
1998). The radiation core and convection zone are therefore
linked in a spinning-down star. The origin of the link is cur-
rently uncertain. Coupling by Maxwell stress of an internal
magnetic field is a likely possibility that can simultaneously
explain rigid rotation in the bulk of the radiation zone and a
slender tachocline on its top (Ru¨diger & Kitchatinov 1996;
MacGregor & Charbonneau 1999).
Whatever the origin of the link is, we assume that it is
active during the late evolution of solar-type stars so that
the region beneath the convection zone still rotates rigidly
with the latitude-averaged angular velocity Ω(ri) of the inner
boundary of the convection zone. The latitude-averaging,
Ω(r) =
3
4
π/2∫
−π/2
Ω(r, λ) cos3 λdλ, (3)
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Figure 3. Momenta of inertia of the convection zone (full line)
and the radiative interior (dashed) as function of the radius R of
the evolving star.
is the ‘angular momentum correspondent’: shellular rota-
tion with angular velocity Ω(r) has the same angular mo-
mentum as the differential rotation Ω(r, λ) dependent on
the latitude λ. Asteroseismology is currently not certain
about the rotation profile in radiative interiors of red gi-
ants. Di Mauro et al. (2016) detected rigid rotation in the
helium core of a giant of slightly super-solar mass but found
indications of an outward decrease in rotation rate in the hy-
drogen burning shell just beneath the convection zone (cf.
also Deheuvels et al. 2014). We return to discussing the con-
sequences of the assumed rigid rotation of the radiation zone
later.
The angular momentum of a star has to be speci-
fied in order to model the differential rotation. The ro-
tation rate of solar-type stars is known to decrease with
age. Metcalfe et al. (2016) and van Saders et al. (2019) have
shown that the spindown essentially stops when the Rossby
number of a star increases to the value of about 2 (see
also Rengarajan 1984). The termination of the spindown
can be explained by the switch-off of the global dynamo at
sufficiently slow rotation (Kitchatinov & Nepomnyashchikh
2017). The estimations of that paper suggest that the star
of 1M⊙ reaches the state of marginal dynamo at the age of
about 5Gyr and its total angular momentum
M =
8π
3
R∫
0
ρ(r)Ω(r)r4 dr (4)
equals Mthr = 1.88× 1041 kgm2 s−1 at this age. We neglect
the angular momentum loss in the further evolution of the
star and adjust the mean rotation rate Ω(R) on the top
boundary, which is an input parameter of our model, with
the condition for the total angular momentum to equal the
above constant value of Mthr.
Figure 3 shows the rotational inertia
I =
8π
3
r2∫
r1
ρ(r)r4 dr (5)
of the core and convective envelope as a function of the ra-
dius R of the star (r1 and r2 equal 0 and ri for the core
and ri and R for the envelope, respectively). The core can
comprise a considerable part of the angular momentum at
the beginning of the star ascendance on the RGB only. Later
on, almost all angular momentum belongs to the convection
zone. Therefore, the assumption of rigid rotation in the ra-
diative interior affects the computed differential rotation of
the convection zone only slightly. However, the assumption
is consequential for the estimated contrast in rotation rate
between the core and the surface. In this sense, our model
can be understood as estimating only those parts of the dif-
ferential rotation which is comprised by the convection zone
alone.
The 2D differential rotation model solves jointly the
equations for angular velocity, meridional flow and heat
transport as functions of radius and latitude in a stellar
convection zone. Three modifications of the version of the
model by Kitchatinov & Olemskoy (2011) were necessary to
adjust it for application to the red giants:
(i) The most consequential modification is the neglect of
the advection term ρTV ·∇S in the heat transport equa-
tion (V is the meridional flow velocity and S is the specific
entropy). The neglect of the entropy advection is dictated
by an internal contradiction in mixing-length formalism. The
formalism underestimates eddy transport coefficients in low-
density regions of convection zones. The underestimation
can result in an instability to large-scale modes of thermal
convection (Tuominen et al. 1994). Our model is unstable
when applied to red giants. The instability is switched off
by neglect of the entropy advection.
(ii) The anisotropy parameter a (cf. eq. (A1) in
Kitchatinov & Olemskoy 2011) was increased from 2 to 3.
This parameter is important for differential rotation in those
regions of a star where the Coriolis number
Ω∗ = 2τΩ (6)
is small (τ = ℓ/vc is the convective turnover time). This is
the case with the near-surface region of the Sun in particular.
Barekat et al. (2014) found that the normalized rotational
shear r
Ω
∂Ω
∂r
near the solar surface is constant with latitude.
The constancy can be explained in terms of the Λ-effect for
the case of a small Coriolis number (Kitchatinov 2016). The
value of -1 by Barekat et al. (2014) for the normalized shear
is reproduced with the anisotropy parameter a = 3. This is
why we use this value for giants where the Coriolis number
can be small as well.
(iii) Background stratification in convection zones of
main-sequence stars was formerly approximated by inte-
grating the corresponding equations downward from the top
boundary. This procedure can result in error accumulation
when applied to extended convection zones of red giants.
The background stratification of density, temperature and
other input parameters of the differential rotation model is
now taken directly from the MESAmodel for the stellar struc-
ture.
3 RESULTS AND DISCUSSION
Figure 4 shows the radial profiles of the rotation rate ν(r) =
Ω(r)/(2π) computed with our model (Ω(r) is the latitude-
averaged angular velocity of Eq. (3)). In all cases shown, the
core rotates faster than the convective envelope. The rota-
tion rate varies smoothly with position so that the rotation
MNRAS 000, 1–5 (2019)
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Figure 4. Profiles of the internal rotation rate of 1M⊙ star
for several instants of its evolution on the RGB. The curves are
marked by the corresponding stellar radius.
Figure 5. Ratio of the core to envelope rotation rates. The full
line shows the ratio for the surface value of Ω(R) for the envelope
rotation and the dashed line - for the mean angular velocity of
Eq. (7).
rate of the envelope cannot be uniquely defined. We use the
surface rotation rate Ω(R) as a potentially observable pa-
rameter and the mean angular velocity
Ωenv =Menv/Ienv (7)
to characterise the envelope’s rate of rotation. In this equa-
tion, Menv is the envelope’s angular momentum of Eq. (4),
where the low limit of the integration is changed to ri, and
Ienv is the envelope’s moment of inertia of Eq. (5).
Figure 5 shows the core-to-envelope ratio of rotation
rates as the function of the stellar radius. The ratio is smaller
for the rate of Eq. (7) but the characteristic value of the ra-
tio of order 10 agrees with asteroseismological detections
(Beck et al. 2012; Deheuvels et al. 2012; Mosser et al. 2012)
for either definition of the envelope’s rate. Figure 5 however
underestimates by a factor of 0.4 the rotational contrast of
about 11 detected by Di Mauro et al. (2016) for the near-
solar mass giant KIC4448777. If confirmed, the underesti-
Figure 6. Triangles show the rotation periods of the core com-
puted for an evolutionary series of stellar structure of different
radii. The full line is the power law approximation of Eq. (8),
p = 0.687.
Figure 7. Rotation rate isolines in the north-west quadrants of
meridional cross-sections of convection zones. Parts (a), (b), (c)
and (d) correspond to stellar radii of 3, 5, 10 and 15 R⊙ respec-
tively.
mation indicates a substantial contribution to the rotational
contrast by the radiative interior missed in our model.
The core rate of Fig. 4 is smaller for stars of greater age.
Mosser et al. (2012) approximated the core spindown by the
power law
Prot ∝ Rp, (8)
where Prot is the rotation period. They found the power
index p = 0.7 ± 0.3 for the RGB phase. The core rates of
our computations are close to the power law of Eq. (8) for
R > 2.5R⊙ only (Fig. 6). The power index p = 0.69 of the
least-square fit for this range agrees with the seismological
results (cf. eq. (26) of Mosser et al. 2012). The decrease in
the core rotation rate in our model is a consequence of the
increasing rotational inertia of the expanding star (Fig. 3).
Figure 7 shows that the red giants can possess lat-
itudinal differential rotation in line with the strong ra-
MNRAS 000, 1–5 (2019)
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Figure 8. Profiles of the Coriolis number of Eq. (6) estimated
with the latitude-averaged angular velocity of Eq. (3) for the same
models as in Fig. 7. The curves are marked by the corresponding
stellar radius.
dial shear. The decrease in angular velocity with latitude
is quite pronounced in computations for the early red gi-
ant phase. The computed differential rotation changes from
latitude-dependent to shellular structure as the star ages.
This change can be interpreted in terms of the Λ-effect de-
pendence on the Coriolis number. The non-diffusive flux of
angular momentum changes from the radial inward direc-
tion to the equator-ward and parallel to the rotation axis
as the Coriolis number increases (cf. fig. 3 in Kitchatinov
2013; Ka¨pyla¨ 2019). Fluxes of either direction result in an
increase in the rotation rate with depth but the radial in-
ward transport is more efficient in producing this rotation
inhomogeneity. The axial transport produces the equatorial
acceleration seen in parts (a) and (b) of Fig. 7. The Corio-
lis number profiles in Fig. 8 support this interpretation. The
profiles corresponding to the shellular rotation of parts (c)
and (d) in Fig. 7 are smaller than one.
The power index n in the best fit of convection zone
rotation of Fig. 4 by the power law Ω(r) ∝ r−n varies as
n = 0.47, 0.80, 0.87, 0.92 for R/R⊙ = 3, 5, 10, 15, respec-
tively. For the smallest Coriolis number of our computa-
tions, the power index thus approaches the value of n = 1
detected by Barekat et al. (2014) for the surface shear layer
of the Sun.
Most red giants in seismological studies rotate faster
than the star in our model. This is because one solar mass is
the low bound of the mass range in the studies (Mosser et al.
2012; Triana et al. 2017; Eggenberger et al. 2019). The ro-
tation rate of main-sequence progenitors of the red giants
increases with mass (cf. fig. 2 in Kraft 1967). The angular
momentum of the contemporary Sun does not allow a faster
rotation at the red giant stage compared to our model.
4 CONCLUSION
The asteroseismologically detected faster rotation of the
red giants’ cores compared to their extended convective en-
velopes can be at least partly explained by the non-diffusive
downward transport of angular momentum by turbulent
convection known as the Λ-effect. The explanation is quanti-
tatively confirmed with the model of stellar differential rota-
tion applied to a red giant of one solar mass. The explanation
also suggests that the large radial shear in the rotation of
the red giants has the same origin as the surface shear layer
in the Sun.
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